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Introduction and model assumptions

Dilute solution (polymer-polymer interactions can be ignored).
System in equilibrium.
Polymer's conformations: self-avoiding walks, Motzkin paths, Dyck

paths.
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Degree of polymerization: n

Two types of monomers: 4 and B.

Monomer sequence (colouring) is random.

:is colour of monomer i (y, =1 — A)

« ii.d. Bernoullirandom variables, P(y=1) =p
E(w|y): energy of conformation w for fixed colour y
Conformations with same energy are equally likely.
Z e~ E@l)/kT

W€,

In particular, E(wly)=-an,g.

n, s number of 4 monomers at the surface.
a=-1/kT

Zn(Tlx) =

> culnash) e

nas=0

¢,(n, 5 7): number of walks with n, ; vertices coloured A at the surface.

So Z,(alx) =

Intensive free energy at fixed 7 : i, (a|x) = n~" log Z,(a|x)
) = (n"tlog Zu(alx))x

Limiting quenched average free energy (exists): £ (a) = lim,, o, K% ()

Quenched average free energy : 74 (a

— Indicates if polymer prefers desorbed or adsorbed phase.
— Point of non-analyticity of j{;(a) corresponds to phase transition.

_ [ log2 Dyck paths
log3 Motzkin paths

g

As a— =, () is asymptotic to a line with slope
Q: What is the value of «, ?
Q:Whatis &(a) for > a,?

/z Dyck paths
Motzkin paths

Annealed average free energy: &2 (o) = n='log(Z,(alx))y > &f%(a)

Limiting annealed average free energy: () = lim &%(a) > &%(a)
n—oo
log(1+1/p)

So. ag = { log(1 + 1/2p)
As a—x, () is
asymptotic to a line with slope
1/2#p/2
{ L#p

Dyck paths

Motzkin paths Sy

Dyck paths
Motzkin paths

Ty=ly?

The Morita Approximation (Constrained Annealing)

« Consider the constrained annealed average free energy

(MX)>X
=Yocm A [P~ TTiee xi]

(a, A) with respect to A enforces the constraint
Prob(all the walk vertices in €' are coloured A) = ([T;e¢ vi) = pl¢!
Mazo (1963), Morita (1964), and Kuhn (1996) showed that 7% () can
be obtained as the solution to

mAm R (a,A)

G5 (a, A) = n~og (Z,(afy) e

with the Lagrangian A(M|x) =

R

+  Minimization of &

+ Setting some 1's to zero and then minimizing 7, * (u.}\) to obtain
F"(a) yields an upper bound on & ().
— In particular, we obtain % (a) < Ei(a) < Ei(e)
- andso A(a) < &""(a) < &'(a)

Fu.b.

— Minimization to obtain 77" (a) is quite complex.

Morita approximation of order &

+ Include only constraints involving colours at most o vertices apart.

) Xo =+ Xo(i—1)+11 Xo(i—1)425 =+ Xoi =« Xo(n—1)+1s Xo(k—1)425 =+ Xok
1 ; e
+ Recall we want to obtain -
(@) = AIim (ko)™ mm log <7l~ﬂ((\|)() AR ‘*)>
i—00

X

We can upper bound it by
(a) = n:in lim (ka)" log<Z;€,,(a\x) e‘\(Aml")> > & (a)
X

— This can be obtalned by con5|der|ng the grand canonical partition

function
kel (z‘a.)\("’) = Z:‘“’Zk,,( [x)e
k=0

with radius of convergence r¢; (o, A(7)).
— Weobtain #7(a) = min{flogr(; (a)\("’)}
Ao

* G, can be written in terms of a homopolymer generating function B,
— B, keeps track of the number of segments o of the path that have
the same sequence of surface touches.
— B, can be obtained via factorization,
* e.g. d, number of n-step Dyck paths starting at the origin.

Z ™"

n>0 D(z)=1+2°D(z)* =

Ay

The radii of convergence are related by r¢ (a, A(”)
+  where

— rg = min{|z1,|2], 2140, |}
— z;: branch cut from the desorbed phase (square root singularity)

- Then G® (z.u.)\m) = B(z)(

Direct Renewal approach

Consider only colouring constraints on sequences of non-overlapping
vertices.

= Xo -+« Xo(i—1)41s Xo(i—1)+25 =+ Xoi - - - Xo(n—1)+1 Xo(k—1)+25 == Xok
1 k
As an example, consider t7he case o = 2 for Motzkin paths. Then °
- A® = (Mg, A3) :
k
_ <ng (“‘\),,.\(A‘f"\\)> — -2k (@) Z H [pz( a(Azi1 (@) +A2i (@) +As :

W€y, i=1
(L= p)pen@=@I M i (1 — p)e]
()\(2') = % (Asp? + Aap(1 = p) + Ar(1 = p)p+ Ao(1 = P)z)

— A, =1 ifvertexiis at surface.
— Term in square brackets depends only on sequence (Ag;_;(w), Agi(w))

Fp(1— p)ed@ai@)ha

e

(Agic1(w), Dai(w)) |77 & ma » A3 w |33 & |[na 3 ||3a ®
00) 0y || mo || my .

HORC)
) 11/0,4“.‘[!‘5)

where 3
- B (z,w,...,w3) = Z 2" Z bu(no, ..., n3) Hw’,”
n>0  Ng...ng =0
— bu(no,..-,13) is the number of Motzkin paths of length n with n; °

A0 UL oo Yo 1 e N Lo oo V2010 Va0 +Nofk-1): Lolk—1)+1 Vok-1s Lok
1 H . .
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* As an example, consider o = 2 for Motzkin paths. Then
-A® = (Ao A1)
- <sz ((\\\()z"‘(*mh)> _ o2k (®) Z Q(2) (“_)‘(Z)L‘;)

segments with the sequence (Ay;_;(w), Ag;(w)) as the sequence :
of bits in j base 2.
o :pz(,m..,mvh +p(1 ,P),ns,+/\: +

(1 = p)pesot i 4 (1 — p)2eo
with the sequences;s, given by the bits in i base 2.

Transfer Matrix approach

Consider the following colouring constraints:

wENak
=p) +Aap® + 23p(1 = p) + Ma(1 - p)?

% ko1
(1) = [ (TTaw ) TTTT Var(rarzes ap(rarese) .
i=1 i=1j=0
Moxaiss + X2i-2482i-245(W) + X2i-14jB2i-145(w)
X exp [&m’u._n* e . 2, : :

Need to find a sequence of 2x2 real matrices 7'") (or, A(?)|w) such that
&
Q@)(a, A2 |w) =Tr HT(‘>(a. APw)

i=1
Using the properties of the trace of a real matrix

Let T0(a, Aw) = T (a, A |w)TED (a, AP |w)

where 709 (a, \?|w) =

-1 S TCORS VA

( (1=p)er+
ot zij(@)
(I =plpe— 2

B
Ag+ =L

145 (@)
7

A
At AP )

T only depends on @ through sequence AW = (Agi_a(w), Agi—1(w), Asi(w))

Index the 8 possible mamces 70 by the binary string A (i) in base /0.

(w)/2
Then, Q@ (e, \?w) < H n(T;T)))"
=0
@, )\(2)) < B® (:c"’(l)wl]). Wy n ey
with w; = n(T;T})"/?
The matrix (") is symmetric if Agiy =

and G (

11'7)

Ay,

Lower bounds

We can obtain a lower bound using the fact that Zj, (a|x) > (Z,(

= i Le(0)
Another lower bound can be obtained from
s(aly) 2 cop,,e /M = o (naslx)eras

sothat #(a) > ao ' (nas)+o ' (loges(nas|x))

sothat x(a) > o' (log Z,(alx)),

Results for Q: What is the value of a, ?

Know that o, < at,.

Isa,=a0ra,<aq?

Know that a, < & < a. (or direct renewal only)

+ s ,< a@for olarge enough?

+ Caravenna and Giacomin show that a, = /@ for all finite o.

Also know that a,, < aly), and that a, < aly) .

The following graphs correspond to the case p=1/2.
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Results for Q: What is (a) value a> a, ?

The following graphs correspond to the case p= 1/2
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— the other z/'s are the 5. poles from the adsorbed phase. @ e k ; A A L
2) i (i (2) [T )]y
AN h el — 4@ (A A\ § Qe APw) < 2H n (T (0 X)X ““)) ) Motzkin path bounds b) Dyck path bounds
- AN = D A b fH\ q -3 ae]lw = il 5 I
CC[n) CC[n]  i€C where 7)(-) denotes the eigenvalue with largest modulus. 1P 3 1.22501 | 1.71701 | 2.21593
2771 4.367 22501 | 1.71701
271 24 | 4.36684 1.22501 | 1.71701 [ -
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