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Introduction and motivation

e Cell characteristics

— If impermeable, how can it exchange substances with its surroundings?

Reversible Markov chain models for ion channels, Juan Alvarez



Introduction and motivation

e Cell characteristics

— Part of a larger system
— Cell interacts through its impermeable membrane

— Permeability: protein pores (channels)

Reversible Markov chain models for ion channels, Juan Alvarez



Introduction and motivation

e |lon channel characteristics:

Reversible Markov chain models for ion channels, Juan Alvarez



Introduction and motivation

e |lon channel characteristics:

— lon transport: cell functionality, signaling

Reversible Markov chain models for ion channels, Juan Alvarez



Introduction and motivation

e Cell characteristics

— Part of a larger system
— Cell interacts through its impermeable membrane

— Permeability: protein pores (channels)

e |lon channel characteristics:

— lon transport: cell functionality, signaling

LY \{., i 'fjf’? . dendrite e
i 7% o [
.r"""f
ot
@
1
: |
Cell body——"" I

'f:;hh;?ﬁ"—f'*'-“‘:::

Reversible Markov chain models for ion channels, Juan Alvarez



Introduction and motivation

e |lon channel characteristics:
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Introduction and motivation

e Cell characteristics

— Part of a larger system
— Cell interacts through its impermeable membrane
— Permeability: protein pores (channels)

e |lon channel characteristics:

— lon transport: cell functionality, signaling
— Diffusion: random collisions, concentration gradients
— Drift: electric fields, electric potential gradients
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Introduction and motivation (continued)

e Nernst-Planck electro-diffusion:
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e Nernst-Planck electro-diffusion:

— Flux: J

— Concentration: ¢

— Electric potential: ¢

— Diffusion coefficient: D
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Introduction and motivation (continued)

e Nernst-Planck electro-diffusion:

— Flux: J

— Concentration: ¢
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— Diffusion coefficient: D
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Introduction and motivation (continued)

e Nernst-Planck electro-diffusion:

— Flux: J

— Concentration: ¢

— Electric potential: ¢

— Diffusion coefficient: D
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Introduction and motivation (continued)

e Nernst-Planck electro-diffusion:

— Flux: J

— Concentration: ¢

— Electric potential: ¢

— Diffusion coefficient: D
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No interaction model - Single ion model description

cell membrane
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e Channel length: L.
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e Channel divided into N sites: 1,..., N
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No interaction model - Single ion model description
(continued)

left bath right bath

e Channel length: L.
e Channel divided into N sites: 1,..., N

e Baths on each end of the channel, sites 0 and N + 1
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e Continuous time Markov chainon 0,..., N +1
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No interaction model - Single ion model description
(continued)

e Continuous time Markov chainon 0,..., N +1

e Energy ¢, of an ion at site ¢
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No interaction model - Single ion model description
(continued)

e Continuous time Markov chainon 0,..., N +1

e Energy ¢, of an ion at site ¢

e Equilibrium distribution:

1 /M M

T = - <—6XP(—¢0) , exp(—¢1) , ..., exp(—¢n) —eXP(—¢N+1))

)
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No interaction model - Single ion model description
(continued)

e Detailed balance (7 — symmetric):  mq,; = m,;q;;
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No interaction model - Single ion model description
(continued)

e Detailed balance (7w — symmetric):  mq,;, = 7,;q;,

e Specification of transition rates:

1A, 1
o1 = iﬁ exXp (_5 (le — Cbo))
1Ag 1
gN+1,N = §M exp (‘5 (¢N — ¢N+1))
1 1
¢, = §eXp <—§(¢J—gbz)) i—j|=1, i #{0,N + 1}

and ¢; ; = 0 otherwise
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No interaction model - Single ion model description
(continued)

e Detailed balance (7w — symmetric): Tili; = T;qj.

e Specification of transition rates:

1) 1
O §ML eXp <_§ (§b1 — ¢o))
1A 1
dN+1,N = §MR exXp (_5 (QbN — ¢N+1)>

1 1 o |
6 = gow(30-0))  li-il=LiAO.N+1)
and g, ; = 0 otherwise

e What is special about these choice of rates?
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No interaction model - Single ion model description
(continued)

e Detailed balance (7w — symmetric): Tili; = T;qj.

e Specification of transition rates:

1)\ 1
do,1 — §ML eXp (‘5 ((,b1 — ¢o)>
1)\ 1
dN+1,N = iﬁR eXp (—5 (¢N — ¢N+1))

6 = yon(—56-0))  limil=LiAON+1)

and ¢; ; = 0 otherwise

o Consistent with Nernst-Planck electro-diffusion
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No interaction model - Trans path equivalence

“An interesting feature of the analytical mean passage times is that they are
precisely symmetrical about zero voltage”

* JAKOBSSON, E. AND CHIU, S. (1987) Stochastic theory of ion movement in
channels with single-ion occupancy: Application to sodium permeation of
gramicidin channels. Biophys. J. 52, 33-45.
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No interaction model - Trans path equivalence (continued)

e Finite path v = (7o, ..., 7)
— Pofy]

= Prvov1Prvie o Pry_ovn_1Pvu_1.m
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No interaction model - Trans path equivalence (continued)

e Finite path v = (7o, ..., V)

— YO0 —
P [7] o p70;71p71;72 ce ’pvn_zﬁn_1p7n_1ﬁn

o v € Syp, left-to-right trans path
-0 = (’YO: 17717“'7771—17771:]\[) Vi S {1,...,N}, h’z’_’)/i—ll S 1
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No interaction model - Trans path equivalence (continued)

e Finite path v = (7o, .-+, V)

— YO0 —
P [7] o p’YOaleVl:'VQ o 'p7n—277n—1p7n—1>7n

o v € S;p, left-to-right trans path
S (70: 17V17"'77n—177n:N) i ~ {17"'7N}1 ’/%_71—1‘ S 1

Pl[4]

> Py

')/IESLR

Purly] = Py, N+ 1)|[Ty < Ty =

e I: time to hit site ¢
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No interaction model - Trans path equivalence (continued)

e Finite path v = (7o, .-+, V)

— Y0 —
P [f)/] T p’YO:'le’Yl:'VQ o °p7n—277n—1p’7n—177n

o v € S;p, left-to-right trans path
S (70: 17717'“777%—17771:]\[) i ~ {17"'7N}1 h/z_f%—l‘ S 1

]

> Py

’y/GSLR

Prrly] == PO, N+ )Ty <Ty) =

e 7. time to hit site ¢

e Reverse mapping takes v = (Yo, -5 Vn) 0 Y = (Yny -+ -, %)
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No interaction model - Trans path equivalence (continued)

e Finite path v = (7o, .-+, V)
- P [7] = PryorviPrive s Prp—om—1Pyp—1m
o v € Syp, left-to-right trans path

S (70:17717'“7/%%—17771:]\[) ’)/Z-E{l,...,N}, ’71_71—1‘ Sl

]

> Py

’y/ESLR

Prrly] = Pl[(%N+ DTy <Tp] =

e 7. time to hit site ¢

e Reverse mapping takes v = (Yo, -+, V) 107" = (Yny - - -5 %0)

e Mapping of v € S,z to 7" is a one-to-one and onto mapping of §;r to Si;.
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No interaction model - Trans path equivalence (continued)

Claim 1. FOI”}/ S SLR
Pir[v] = PrulY']
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No interaction model - Trans path equivalence (continued)

Claim 1. FOI”Y S SLR
Pir[v] = PrulY']
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No interaction model - Trans path equivalence (continued)

Claim 1. FOI”Y S SLR
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No interaction model - Trans path equivalence (continued)

Claim 1. FOI”Y S SLR
Pir[v] = PrulY']

Pl[f)/] o p’yo,’yl ° 'p’Yn_l-/’Vn o eXp(_¢’Yl) eXp(_¢7n)
PN [y]

Pyvnvn—1 - Py exp(—qﬁm) o eXp(_¢vn_1)
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No interaction model - Trans path equivalence (continued)

Claim 1. For7 S SLR

Proof.
Pl[”Y] _ Pyoovy - - Pyp—1m _ exp(—qﬁﬂ) eXp(_gb’Yn) exp(—gb ) — o
PNVl ponr e Pyne XD(—¢,,)  exp(—d, ) exp(—¢1)
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No interaction model - Trans path equivalence (continued)

Claim 1. For7 S SLR

YIESLR
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No interaction model - Trans path equivalence (continued)

Claim 1. FOI”}/ S SLR
Pir[v] = PrulY']

Pl[’)/] B p'm,'yl v Py 1 exp(_¢71) exp(_gb’m)

PN[VT] Pynvn—1 - Py exp(—(bm) o eXp(_gb’m—J

P[] aPN "]
P, Ay — _
LI SN S
YIESLR YESLR

_ exp(—odw)

exp(—a,)

=
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No interaction model - Trans path equivalence (continued)

Claim 1. FOI”Y S SLR
Pir[v] = PrulY']

Plh] _ p’Y()v'Yl"°p'7n—17'7n _ eXp<_¢71) N exp(_qb’m) - eXp<_¢N) =

PN[WT] Pynvp—1 - Py exp(—(ﬁm) | exp(—¢7n_1) exp(—(bl)

Pl — Ll et PV
> Py > aPY[yr] > Py
VIEST R YIESLR YIESRL
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No interaction model - Trans path equivalence (continued)

Claim 1. Forv S SLR
Pir[v] = PrulY']

P[] _ Pyoryr v - Prvy_1m . exp(—¢.,) N exp(—¢,,) . exp(—¢n) S

PN[/VT] Pynvp—1 - Py exp(—(bm) exp(—¢7n_1) exp(—¢1)

Pl Pyl  _  aP[y] PY[Y] — Pyl

>, Pyl > aPNyr > PV

’y/ESLR ’Y’ESLR V’ESRL
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No interaction model - Infinite ion limit

e What happens to the process of a single ion as M — oo?
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No interaction model - Infinite ion limit

e What happens to the process of a single ion as M — oo?

1) 1
do1 = §ML eXp <_§ (¢1 — ¢0)) — 0
1)\ 1
dN+1, N T §MR €XP (—5 (QbN - ¢N+1)) — 0
1 1 . . .
6 = yon(—56-0))  li-il=LiAON+)
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e What happens to the process of a single ion as M — oo?

1 1
T — 0. ....0
Apexp(¢p) 7 77 Apexp(dN41)
1+ Arexp(dnN+1) A1 exp(¢o) +1
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