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Introduction and motivation

• Cell characteristics

– Part of a larger system
– Cell interacts through its impermeable membrane
– Permeability: protein pores (channels)

• Ion channel characteristics:

– Ion transport: cell functionality, signaling
– Diffusion: random collisions, concentration gradients
– Drift: electric fields, electric potential gradients
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Introduction and motivation (continued)
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No interaction model - Single ion model description
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No interaction model - Single ion model description
(continued)

• Channel length: Lc

• Channel divided into N sites: 1, . . . , N

• Baths on each end of the channel, sites 0 and N + 1
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No interaction model - Single ion model description
(continued)

• Continuous time Markov chain on 0, . . . , N + 1

• Energy φi of an ion at site i

• Equilibrium distribution:

π =
1
c

(
M

λL
exp (−φ0) , exp (−φ1) , . . . , exp (−φN) ,

M

λR
exp (−φN+1)

)
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No interaction model - Single ion model description
(continued)
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No interaction model - Single ion model description
(continued)

• Detailed balance (π − symmetric): πiqi,j = πjqj,i

• Specification of transition rates:

q0,1 =
1
2
λL
M

exp
(
−1

2
(φ1 − φ0)

)
qN+1,N =

1
2
λR
M

exp
(
−1

2
(φN − φN+1)

)
qi,j =

1
2

exp
(
−1

2
(φj − φi)

)
|i− j| = 1, i 6= {0, N + 1}

and qi,j = 0 otherwise
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No interaction model - Single ion model description
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• What is special about these choice of rates?
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No interaction model - Single ion model description
(continued)

• Detailed balance (π − symmetric): πiqi,j = πjqj,i

• Specification of transition rates:

q0,1 =
1
2
λL
M

exp
(
−1

2
(φ1 − φ0)

)
qN+1,N =

1
2
λR
M

exp
(
−1

2
(φN − φN+1)

)
qi,j =

1
2

exp
(
−1

2
(φj − φi)

)
|i− j| = 1, i 6= {0, N + 1}

and qi,j = 0 otherwise

• Consistent with Nernst-Planck electro-diffusion
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No interaction model - Trans path equivalence

“An interesting feature of the analytical mean passage times is that they are
precisely symmetrical about zero voltage”

* Jakobsson, E. and Chiu, S. (1987) Stochastic theory of ion movement in
channels with single-ion occupancy: Application to sodium permeation of
gramicidin channels. Biophys. J. 52, 33-45.
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No interaction model - Trans path equivalence (continued)

• Finite path γ = (γ0, . . . , γn)

– P γ0[γ] = pγ0,γ1
pγ1,γ2

. . . pγn−2,γn−1
pγn−1,γn
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No interaction model - Trans path equivalence (continued)

• Finite path γ = (γ0, . . . , γn)

– P γ0[γ] = pγ0,γ1
pγ1,γ2

. . . pγn−2,γn−1
pγn−1,γn

• γ ∈ SLR, left-to-right trans path

– γ = (γ0 = 1, γ1, . . . , γn−1, γn = N) γi ∈ {1, . . . , N}, |γi − γi−1| ≤ 1

PLR[γ] := P 1[(γ,N + 1)|TN+1 < T0] = P 1[γ]∑
γ′∈SLR

P 1[γ′]

• Ti: time to hit site i

• Reverse mapping takes γ = (γ0, . . . , γn) to γr = (γn, . . . , γ0)

• Mapping of γ ∈ SLR to γr is a one-to-one and onto mapping of SLR to SRL
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No interaction model - Trans path equivalence (continued)

Claim 1. For γ ∈ SLR
PLR[γ] = PRL[γr]
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No interaction model - Trans path equivalence (continued)

Claim 1. For γ ∈ SLR
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Proof.

P 1[γ]
PN [γr]
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No interaction model - Trans path equivalence (continued)

Claim 1. For γ ∈ SLR
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Proof.

P 1[γ]
PN [γr]

=
pγ0,γ1

. . . pγn−1,γn

pγn,γn−1
. . . pγ1,γ0

=
exp(−φγ1

)
exp(−φγ0

)
. . .

exp(−φγn)
exp(−φγn−1

)

Reversible Markov chain models for ion channels, Juan Alvarez 11



No interaction model - Trans path equivalence (continued)

Claim 1. For γ ∈ SLR
PLR[γ] = PRL[γr]

Proof.

P 1[γ]
PN [γr]

=
pγ0,γ1

. . . pγn−1,γn

pγn,γn−1
. . . pγ1,γ0

=
exp(−φγ1

)
exp(−φγ0

)
. . .

exp(−φγn)
exp(−φγn−1

)
=

exp(−φN)
exp(−φ1)

:= α

Reversible Markov chain models for ion channels, Juan Alvarez 11



No interaction model - Trans path equivalence (continued)

Claim 1. For γ ∈ SLR
PLR[γ] = PRL[γr]

Proof.

P 1[γ]
PN [γr]

=
pγ0,γ1

. . . pγn−1,γn

pγn,γn−1
. . . pγ1,γ0

=
exp(−φγ1

)
exp(−φγ0

)
. . .

exp(−φγn)
exp(−φγn−1

)
=

exp(−φN)
exp(−φ1)

:= α

PLR[γ] =
P 1[γ]∑

γ′∈SLR

P 1[γ′]

Reversible Markov chain models for ion channels, Juan Alvarez 11



No interaction model - Trans path equivalence (continued)

Claim 1. For γ ∈ SLR
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Proof.
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No interaction model - Infinite ion limit

• What happens to the process of a single ion as M →∞?

q0,1 =
1
2
λL
M

exp
(
−1

2
(φ1 − φ0)

)
→ 0

qN+1,N =
1
2
λR
M

exp
(
−1

2
(φN − φN+1)

)
→ 0

qi,j =
1
2

exp
(
−1

2
(φj − φi)

)
|i− j| = 1, i 6= {0, N + 1}

Reversible Markov chain models for ion channels, Juan Alvarez 13



No interaction model - Infinite ion limit (continued)

• What happens to the process of a single ion as M →∞?

π →

 1

1 + λL exp(φ0)
λR exp(φN+1)

, 0 , . . . , 0 ,
1

λR exp(φN+1)

λL exp(φ0) + 1


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