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Desorbed Adsorbed

Dilute solution (polymer-polymer interactions can be ignored).
System in equilibrium.

Polymer's conformations: self-avoiding walks, Motzkin paths,
Dyck paths.

Self avoiding walk

Motzkin path Dyck path
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Degree of polymerization: n

Two types of monomers: A and B.
— Monomer sequence (colouring) is random.
— y; Is colour of monomeri (y;, =1 - A)

— I.1.d. Bernoulli random variables, P(»=1) = p

Energy of conformation w for fixed colour y :
- E(elp) =-an,g
— a=-1/KT
— N,s - humber of A monomers at the surface.

Conformations with same energy are equally likely, so
n

Zu(alx) = ) calnaslx) e

na,s=0

— C,(nsslx): number of walks with n, ¢ vertices coloured A at the
surface.



Intensive free energy at fixed y : lﬁln(()é’X) =n! log Zn(@\X)
Quenched average free energy : k() = <’n_1 log Zn(a‘X»x

Limiting quenched average free energy (exists):
R(a) = lim,_ o k()

— Indicates if polymer prefers desorbed or adsorbed phase.

| log2 Dyck paths
= log3 Motzkin paths

a
g o
— As a - «, asymptotic to a line with slope {

Q: What is the value of «, ?

Q: What is k(@) for a> ,?

p/2  Dyck paths
D Motzkin paths



Annealed average free energy:

a

“(a) =n"tog(Zn(alx))y = RFi(a)

n

K

« Limiting annealed average free energy:
(o) = lim k2 (a) > R(a)

mn
n—oeo

log(1+1/p) Dyck paths
i S , = . <
Y Ca { log(1+4+1/2p) Motzkin paths — Ya

¢ Asa-w, K*(aisasymptotic
to a line with slope

Flo)

1/2 # p/2  Dyck paths
1#0p Motzkin paths




The Morita Approximation (Constrained Annealing)

« Consider the constrained annealed average free energy
75 (o, A) = n~tlog (Zn(aly) eXON0)

with the Lagrangian

AN = Xecp Ac [P = Tiee xi]

« Minimization of &S («, \) with respect to A constrains

Prob(all the walk vertices in C' are coloured A) = ([[,co Xs) = pl¢

 Mazo (1963), Morita (1964), and Kuhn (1996) showed that k4 («)
can be obtained as the solution to

m;n R (a, A)



Setting some A's to zero and minimizing k;, (a, 5\) to obtain
kb (o) yields an upper bound on 4 (o)

— In particular, we obtain
Ri(a) < Rp*(a) < Ri(a)

mn
and so Rq(oz) < R“‘b'(oz)g /%“(Oz)
- e.g.,
e annealed
A(Ax) =0

Ro (o, A) = n~1log {:,an:rr|.‘n.;]|:}1 = Knla)
e 1st order Morita:
T
A =AY (v —p)
i=1
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Minimization to obtain %% («) is quite complex.
—u.b.

Upper bound it by
E(")(a) = min lim (ko)™ !log /Zm(alx) AN s pud (o)
A(@) k— 00 \ [y —

— Consider the grand canonical partition function

Gl) (z,a,)\(">) sz"Z (alx)e A ]x)

— with radius of convergence rq (a, A7) .

— We obtain
R(J)(oz) = min {— log rg (oz, )\("))}

(o)



 G_ interms of a homopolymer generating function B

O

— B_ keeps track of the number of segments w of the path that
have the same sequence of surface touches.

— Obtained via factorization,
e e.g., d : number of n-step Dyck paths.

Dl = L P

n>0
D(z)=1+22D(2)? = 1= ”215422




 G_ interms of a homopolymer generating function B

O

— B_ keeps track of the number of segments w of the path that
have the same sequence of surface touches.

- The radii of convergence are related by rg (0, @) = rg-e?” ()

 where
— I'B = min{‘zl|7 |Z2‘7 T |Z1-|-nr|}
— 2,: branch cut from the desorbed phase (square root)
— the other z's are the n, poles from the adsorbed phase.

- AA) = D) Ae [ 11 x| = ¢ (A(")) Y e ]l x

CCln) i€C CC[n]  i€C




Direct Renewal approach

« Consider only colouring constraints on sequences of non-
overlapping vertices.

2(17 X2 ey XOJ c Xo(i—=1) 411 Xo(i—=1)42s =+=s Xoi + -+ Xo(n—1)+1s Xo(k—=1)+2y -+ Xok
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Direct Renewal approach

« Consider only colouring constraints on sequences of non-overlapping
vertices.

2(17 X2 ey XOJ c Xo(i—=1) 411 Xo(i—=1)42s =+=s Xoi + -+ Xo(n—1)+1s Xo(k—=1)+2y -+ Xok
1 M k
 As an example, consider the case o= 2 for Motzkin paths. Then

- )\(2) — ()\07 )\3>

<Z2k: (O"X) €A<>\(2>|X>> —2kq<2) )\(2) S‘ ‘I_[ [p2€a(A21 1(w)+A0; (w))+ A3

— A =1 ifvertexiis at surface.
— Term in square brackets depends only on sequence

(Agi—1(w), Agi(w))



(Agi—1(w), Agi(w))
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Baa@ba@) | N IS

2i 2i-1 A 2i-1 & 2i-1 &

(0,0) (0,1) (1,0) (1,1)
. Then (10F) t; Wy (10
A2 (5 4 @) = B® (Le=aP0OP) )
\,c,u,/\ } D \ 7W07°-°7Wd}
where
B 3
Bk )(Z,UJ(), ,UJ3) — zn > , bn(”Oa 7n3) I I w:j
n>0 NQ,..., N3 7=0
is the number of Motzkin paths of length n with n,
<bn, (n07 : n3)he sequence as the sequence
of bits in base 2 | (Ag;_1(w), Ag;(w))

2 _a(s1+s A asi+A asg+A 2



Transfer Matrix approach

e Consider the following colouring constraints:

X0s X1y -5 Xo—1, Xoy Xo+1y -y X20—1, X205 .. ., Xo(k—1)) Xo(k—1)+1y- - - s Xok—1, Xok-
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Transfer Matrix approach

e Consider the following colouring constraints:

N0y X1y oy Xo—15 Xos Xo41y oy X20—15 X200, .. . No(k—1) Xo(k—1)+1s- -y Xok—1, Xok-
\"—-\,_-" l\-—-\,_-" oy P~ ~ )
1 2 i
S — o " 7 e— e h Y
\'—"\r ' o I —— -

 As an example, consider o= 2 for Motzkin paths. Then
- )\(2) — <)‘07 >\4>

— /ZOk (ozl)()e A(2)|Xx e=2ka® (A) NTo®) (oz,)\(z)lw\
/ Lt 7 \ b/

(.UEQQk
(2k \ kK 1
2 2)
(@A) = [ (Tl ) TTTT onlcai-asiwncire)
\iz1 / i=1j=0
| M—xo;_1 T X2i—2+400i— z+g\W)—'r)uz 14509 1—|—]\W )]
X exp P2+N(z‘,j) + 5 J



 Need to find a sequence of 2x2 real matrices
T (a, AP|w) such that

k
QP (e, \P|w) =Tr (H T (a, )\(2)|w)>

1=1

e Using the propertles of the trace of a real matrix

0P <2 W 7@, A2 ) TO (0, A o))
=1

where 7(*) denotes the eigenvalue with largest
modulus.



T only depends on o through seq. A" = (Aai-2(w), Asim1(w), Azi(w))

Index the 8 possible matrices by the binary string A in base
10.

with Wj = 77<TJT;)1/2

The matrix T is symmetric if A2i—2 = Ag; .



Lower bounds

 We can obtain a lower bound using the fact that
Zro(alX) = (Zo(alx))*

SO that
Aa) > o7 (log Zo(alx)), = Riph.(a)

 Another lower bound can be obtained from
Z‘T(a’X) 2 CU,Emz‘ne_Emm/kT — Ca(nA,S‘X)eomA’S
so that
_(0)

Fla) > aoc™'(nas) + o7 (logea(nas|x)) = Ky ppel@)



Monte Carlo

 Quenched average free energy:.
R (o) = (n™" log Zy (X))
e Limiting quenched average free energy:

R(a) = lim, o0 Rl ()

« Fir fixed n, average over a random set of colors



Q: What is F(®) for o>

Upper and lower bound compangon for Dyck paths

p)
Olq.

b) Dyek path bounds
g =2 4 G B 10
111 0.78847 | 1.22501 | 1.71701 | 2.21593 | 2.71579
oDk 0.78847 | 1.22501 | 1.71701 | 2.21593 | 2.71579
oTM 0.78847 | 1.22501 | 1.71701 | 2.21593 | 2.71579
4P R 0.78779 | 1.22331 | 1.71514 | 2.21405 | 2.71390
4™ 0.78779 | 1.22331 | 1.71514 | 2.21405 | 2.71390
gH o 0.78747 | 1.22261 | 1.71438 | 2.21327 | 2.71312
gOF 0.78720 | 1.22226 | 1.71399 | 2.21287 | 2.71272
12PH 0.78710 | 1.22191 | 1.71361 | 2.21249
100000™€ || 0.78676 | 1.22152 | 1.71333 | 2.21237 | 2.71239
+ 0.0002 [ £ 0.0006 | + 0.0011 |+ 0.0015 |+ 0.0019
400%F [l 071024 | 1.21024 | 1.71024 | 2.21024 | 2.71024




Upper and lower bound compangon for Dyck paths e Free energy comparison for Dyck paths

O=8DR
0 =06 DR

1.7

1.705

1 695

169

b
1685 1 1 1 I 1 1 1 1 1 1
54 5.81 5.82 5483 5.54 5.485 596 547 5.55 5.589 B

o




Upper and lower bound compangon for Dyck paths . Free energy comparison for Dyck paths

o=8DR
0 =6 DR

1.705

1.685

1685 ul 1 I 1 1 I I 1 1 1 1
54 541 5482 5.83 5.94 545 5.96 587 5485 5459 B

(24

Adsorption for Dyck paths. Overlapping.Free energy comparison,
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Koy

Upper and lower bound compangon for Dyck paths
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Adsorption for Dyck paths. Overlapping.Free energy comparison,
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1.705
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Free energy comparison for Dyck pafhs

o=8DR
0 =6 DR

O =4 DR

=
1.685

54

541 5482 5.83 5.94 545 5.96 587 5485 5459 B
(4

P

0.6948
0.6946 - ;
0.6944
06942

0.694 /S
0.6938
0.6936
06034

06932

0.693 1 1 1 1 1 1 1 L 1 1
1.08 1.1 111 112 1143 114 118 1.16 147 1.18 1149
a



1.715

1.71

1.705

1.7

K(a)

1.635

.64

1. B35

Free energy comparison for Dyck patits

o =8 DR
c:r@m//

O =4TM
O =4 DR

2.4 2.9 252 243 294 245 046 .47 2.495 2449 &

o



K(oc)
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K@)
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Adsorption for Dyck paths.Overlapping.Free energy comparison.

1.8

1.81
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a
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K(®)

0.6948

0.6946

0.6944

0.6942

0.694

0.6938

0.6936

0.6934

0.6932

Adsorption for Dyck paths.Non-overlapping.Free energy comparison.
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1.15
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1.17

1.18

1.19



haat capacity

Adsorption forDyck paths.

Heat capacity

Adsorplion forDyck paths.
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Scaling

(nas)~n®f ((a— a)n®) Yend ~ nV? fa ((a — ) n®)

Adsorption forDyck paths.

Adsorplion for Dyck. Scaled y
14r-

|
|
|
|
i
|
| 12-
]

04+

n2-

L 1 1 1 1 1 1
-15 -10 -5 a 5 10 15 20 25 i _Dm -5 o 5 10 15 =0 o5 30
{o—1.0088)n™" fm-ar_jn™



Thanks.



Direct Renewal approach

« Consider only colouring constraints on sequences of non-overlapping
vertices.

2(17 X2 ey XOJ c Xo(i—=1) 411 Xo(i—=1)42s =+=s Xoi + -+ Xo(n—1)+1s Xo(k—=1)+2y -+ Xok
1 M k
 As an example, consider the case o= 2 for Motzkin paths. Then

- )\(2) — ()\07 )\3>

<Z2k: (O"X) €A<>\(2>|X>> —2kq<2) )\(2) S‘ ‘I_[ [p2€a(A21 1(w)+A0; (w))+ A3

+p(1 = p)e™®
¢@ (A®) =3 (Agp? + Xap(1 = p) + M (L = p)p + Xo(1 - p)?)
— A =1 ifvertexiis at surface.
— Term in square brackets depends only on sequence

(Agi—1(w), Agi(w))



Transfer Matrix approach

e Consider the following colouring constraints:

N0y X1y oy Xo—15 Xos Xo41y oy X20—15 X200, .. . No(k—1) Xo(k—1)+1s- -y Xok—1, Xok-
\"—-\,_-" l\-—-\,_-" oy P~ ~ )
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 As an example, consider o= 2 for Motzkin paths. Then
- )\(2) — <)‘07 >\4>

— /ZOk (ozl)()e A(2)|Xx e=2ka® (A) NTo®) (oz,)\(z)lw\
/ Lt 7 \ b/

(.UEQQk
- 2 2 _ Ao A1 2 2
= 2
2)
(2, \Vw) = /( ﬂdxz\ TTTT /o oo b1
1=17=0

| M—xo;_1 T X2i—2+400i— Z—I—j\W}T/(Zz 14509 1—|—]\W )]

X exp P2+N(z‘,j) + 5 J



 Need to find a sequence of 2x2 real matrices
T (a, AP|w) such that

k
QP (e, \P|w) =Tr (H T (a, )\(2)|w)>
i=1

e Using the propertles of the trace of a real matrix

0P <2 V” 7@, A2 ) TO (0, A o))
=1

where 7(*) denotes the eigenvalue with largest
modulus.

e Let T9(a,\w)=T00(a, \P)TEN (0, \P|w) where

TED (o, NP |w) =

/ A1 /7 aAQi—l—}—j(w)_l_“

(1 3 )‘2‘!‘_ 1 \ 5

\L —Dp)e 2 v (1 —p)pe
*22i—245(W) 21— afgi24j(wW)  aBgi14;5(wW)

\/(1 — p)pe 2 tAst—3 pe p + >
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